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报告提纲
•报告的动机 

•矩阵特征值与特征向量基本结论 

•量⼦现象与⾃然界的本质 

•从特征值到量⼦⼒学 

➡有限到⽆限 

➡有界到⽆界 

➡离散到连续



报告动机

我的学⽣时代

Q：为何学习特征值？

Q：为何计算特征值？

Q：特征值与⾃然界有何联系？

我的教学过程

Q：特征值只在代数中有⽤吗？

Q：当时会算，过⼀段时间就忘了？



矩阵特征值基本结论
•对象：实对称矩阵 A 2 Rn⇥n, AT = A

<latexit sha1_base64="IfH8S0YVfvaIhrk0Z3CafV1BYxU="></latexit>

•特征值：�1, �2, · · · , �s, �i 2 R
<latexit sha1_base64="6B3+8z3DlWS3rmLrdHoJNxAFPUU="></latexit>

•对⾓化：9 P, PTP = E, s.t.
<latexit sha1_base64="XPRkp05U6beIeD6CcvSgRQL7m0I="></latexit>
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<latexit sha1_base64="N2nGVtRXyV0ycV28OjMpHCvtn4A="></latexit>



特征值基本结论
•推⼲：对称变换：A : V 7�! V

<latexit sha1_base64="xOl8ex+x5ILZtgZ/SEqOVOeddCA="></latexit>

•其中：    为实欧⽒空间，V
<latexit sha1_base64="5YGPxAqZ1I7LoRnmXghYEzXpjsw=">AAACJ3icbZC7TsMwFIYdriXcWhhZLBokBlQlZYCxEgtjkehFaqPKcZzWqu1EtlOpivoQrPAEPA0bgpE3wUkz0JYjWfp1/nPzFySMKu2639bW9s7u3n7lwD48Oj45rdbOuipOJSYdHLNY9gOkCKOCdDTVjPQTSRAPGOkF04fc782IVDQWz3qeEJ+jsaARxUibVM9x7K7tOKNq3W24RcBN4ZWiDspoj2qWPQxjnHIiNGZIqYHnJtrPkNQUM7Kwh6kiCcJTNCYDIwXiRN3AcEYTVWg/K25fwCvjhjCKpXlCwyL7tztDXKk5D0wlR3qi1r08+Z83SHV072dUJKkmAi8XRSmDOoY5CBhSSbBmcyMQltTcDfEESYS1wbWyJZ8tVaRWfpUZqoGByBe2oeets9oU3WbDu224T816q1VyrIALcAmugQfuQAs8gjboAAym4AW8gjfr3fqwPq2vZemWVfacg5Wwfn4BRQKkRQ==</latexit>

dim V = n
<latexit sha1_base64="fnk5owXCww2dlPMTIUjcShjsAa4="></latexit>

•特征值：�1, �2, · · · , �s, �i 2 R
<latexit sha1_base64="6B3+8z3DlWS3rmLrdHoJNxAFPUU="></latexit>

•特征⼦空间：V�1 , V�2 , · · · , V�s
<latexit sha1_base64="vM6QmOmU3d6QS+X4OQGieWDTyTU="></latexit>

•对⾓化：存在标准正交基，    在此基下的矩阵为：A
<latexit sha1_base64="hoklQXO7FaGE1l5qDclgVxQ+3/E=">AAACM3icbZC9TsMwEMcdPkv4amFksWiQGFCVlAHGIhbGItEPqY0qx3Faq3YS2U5RFeVRWOEJeBjEhlh5B5w0A205ydJf97/z3f28mFGpbPvD2Njc2t7ZreyZ+weHR8fV2klXRonApIMjFom+hyRhNCQdRRUj/VgQxD1Get70Pvd7MyIkjcInNY+Jy9E4pAHFSOnUqFqzLHPIkZpILNK7zLSsUbVuN+wi4LpwSlEHZbRHNcMc+hFOOAkVZkjKgWPHyk2RUBQzkpnDRJIY4Skak4GWIeJEXkF/RmNZaDct7sjghXZ9GERCv1DBIvu3O0Vcyjn3dGWx8qqXJ//zBokKbt2UhnGiSIgXg4KEQRXBHAr0qSBYsbkWCAuq94Z4ggTCSqNbmpL/LWQgl65KNWFPA+WZqek5q6zWRbfZcK4b9mOz3mqVHCvgDJyDS+CAG9ACD6ANOgCDZ/ACXsGb8W58Gl/G96J0wyh7TsFSGD+/p7SpCw==</latexit>
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<latexit sha1_base64="bokTMqunnrrXLFcQULT0Ub8zaq0="></latexit>



线性变换的⾓度

A ↵ = (⌘1, ⌘2, · · · , ⌘n)
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<latexit sha1_base64="OOp8CeIMcmfQXb3P06VC9epH3yQ="></latexit>

PV�i
:= h↵, ⌘ii⌘i

<latexit sha1_base64="H00dDeuTh/C0xBmTzcdpEiTZvCc="></latexit>•定义：                        ,                          为正交投影PV�i
: V 7�! V�i

<latexit sha1_base64="iUJhrYQrPeDd8EbNzwqjUR7pTEM="></latexit>



A =
nX

i=1

�iPV�i

<latexit sha1_base64="4VoN7YlIo+a0D3g9NljrAZ4SJj8="></latexit>

对称变换可表⽰为⼀系列映到特征⼦空间的 
正交投影变换的线性组合



线性空间的⾓度

V
<latexit sha1_base64="jjLGpVOaHr5szX7ghm2XMcrcQOA="></latexit>

V
<latexit sha1_base64="jjLGpVOaHr5szX7ghm2XMcrcQOA="></latexit>

A
<latexit sha1_base64="wBoQZ4wAmr31bjtlqOTccyKwBQI="></latexit>

U
<latexit sha1_base64="Nknixzu5uWODYmOIons6Ng2k2V0="></latexit>

U
<latexit sha1_base64="Nknixzu5uWODYmOIons6Ng2k2V0="></latexit>

M�
<latexit sha1_base64="oeZsBtcwZYLOsY7yJhWROroXWPk="></latexit>

nM

i=1

V�i

<latexit sha1_base64="Lr3QXxGbFX8X3UgG0N68fepo4DI="></latexit>

nM

i=1

V�i

<latexit sha1_base64="Lr3QXxGbFX8X3UgG0N68fepo4DI="></latexit>

A = U �1M�U
<latexit sha1_base64="/Zkbk6voOlWIfwjB54q4Typ3bE0="></latexit>



实对称变换相似于  
“乘积”变换



量⼦世界的基本法则

宏观 微观

v
<latexit sha1_base64="r2hDl+ikOTWVGEDDUexqUDt19Fs=">AAACM3icbVC7TsMwFLXLq5RXCxssFi0SA6qSMoCYKrEwFkEfUhtVjuu0Vh0nsp1KVdRPYIUv4WMQG2LlH3DSDKTlSJaOz7nX9/q4IWdKW9YHLGxsbm3vFHdLe/sHh0flynFHBZEktE0CHsieixXlTNC2ZprTXigp9l1Ou+70PvG7MyoVC8SznofU8fFYMI8RrI30VJvVhuWqVbdSoHViZ6QKMrSGFXg6GAUk8qnQhGOl+rYVaifGUjPC6aI0iBQNMZniMe0bKrBP1RUazVioUu7E6d4LdGHcEfICaY7QKFX/dsfYV2ruu6bSx3qiVr1E/M/rR9q7dWImwkhTQZaDvIgjHaAkBDRikhLN54ZgIpnZG5EJlphoE1VuSvK2VJ7K/So2ibomQD+vuuZu0rRXs1snnUbdvq5bj41q8y7LtQjOwDm4BDa4AU3wAFqgDQgYgxfwCt7gO/yEX/B7WVqAWc8JyAH+/ALRdKqB</latexit>

v
<latexit sha1_base64="r2hDl+ikOTWVGEDDUexqUDt19Fs=">AAACM3icbVC7TsMwFLXLq5RXCxssFi0SA6qSMoCYKrEwFkEfUhtVjuu0Vh0nsp1KVdRPYIUv4WMQG2LlH3DSDKTlSJaOz7nX9/q4IWdKW9YHLGxsbm3vFHdLe/sHh0flynFHBZEktE0CHsieixXlTNC2ZprTXigp9l1Ou+70PvG7MyoVC8SznofU8fFYMI8RrI30VJvVhuWqVbdSoHViZ6QKMrSGFXg6GAUk8qnQhGOl+rYVaifGUjPC6aI0iBQNMZniMe0bKrBP1RUazVioUu7E6d4LdGHcEfICaY7QKFX/dsfYV2ruu6bSx3qiVr1E/M/rR9q7dWImwkhTQZaDvIgjHaAkBDRikhLN54ZgIpnZG5EJlphoE1VuSvK2VJ7K/So2ibomQD+vuuZu0rRXs1snnUbdvq5bj41q8y7LtQjOwDm4BDa4AU3wAFqgDQgYgxfwCt7gO/yEX/B7WVqAWc8JyAH+/ALRdKqB</latexit>



• 状态空间：    为Hilbert空间 

• 量⼦系统的状态：   中的单位向量， 

• 观测：    上的⽆界⾃伴算⼦， 

• 测量值的期望：

H
<latexit sha1_base64="PIBXrOMgIcKV5vZUMy4yQKJd46I=">AAACPXicbVC7TsMwFLXLq5RXCxssFi0SA6qSMsBYiaVjkehDaqPKcZ3Wqp0E26lURf0OVvgSvoMPYEOsrDhpBtJyJUvH59zncUPOlLasD1jY2t7Z3Svulw4Oj45PypXTrgoiSWiHBDyQfRcryplPO5ppTvuhpFi4nPbc2UOi9+ZUKhb4T3oRUkfgic88RrA2lFMbCqynBPO4tayNylWrbqWBNoGdgSrIoj2qwPPhOCCRoL4mHCs1sK1QOzGWmhFOl6VhpGiIyQxP6MBAHwuqbtB4zkKVYidOL1iiK6OOkRdI83yNUvZvdYyFUgvhmsxkYbWuJeR/2iDS3r0TMz+MNPXJapAXcaQDlNiBxkxSovnCAEwkM3sjMsUSE21My01JekvlqdxVsfHWNVaKPOuav3HTXvduE3Qbdfu2bj02qs1m5msRXIBLcA1scAeaoAXaoAMIeAYv4BW8wXf4Cb/g9yq1ALOaM5AL+PMLl3uu6w==</latexit>

H
<latexit sha1_base64="PIBXrOMgIcKV5vZUMy4yQKJd46I=">AAACPXicbVC7TsMwFLXLq5RXCxssFi0SA6qSMsBYiaVjkehDaqPKcZ3Wqp0E26lURf0OVvgSvoMPYEOsrDhpBtJyJUvH59zncUPOlLasD1jY2t7Z3Svulw4Oj45PypXTrgoiSWiHBDyQfRcryplPO5ppTvuhpFi4nPbc2UOi9+ZUKhb4T3oRUkfgic88RrA2lFMbCqynBPO4tayNylWrbqWBNoGdgSrIoj2qwPPhOCCRoL4mHCs1sK1QOzGWmhFOl6VhpGiIyQxP6MBAHwuqbtB4zkKVYidOL1iiK6OOkRdI83yNUvZvdYyFUgvhmsxkYbWuJeR/2iDS3r0TMz+MNPXJapAXcaQDlNiBxkxSovnCAEwkM3sjMsUSE21My01JekvlqdxVsfHWNVaKPOuav3HTXvduE3Qbdfu2bj02qs1m5msRXIBLcA1scAeaoAXaoAMIeAYv4BW8wXf4Cb/g9yq1ALOaM5AL+PMLl3uu6w==</latexit>

 2 H
<latexit sha1_base64="u6m95wITrHbVSqZM8+StifouR8s=">AAACRnicbVDLTgIxFL2DL8QXqCvdNIKJC0NmcKFLEjcsMZFHwhDSKR1o6HQmbYcEJ/yLW/0Sf8GfcGfc2oFZCHiTJqfn3OfxIs6Utu1PK7e1vbO7l98vHBweHZ8US6dtFcaS0BYJeSi7HlaUM0FbmmlOu5GkOPA47XiTx1TvTKlULBTPehbRfoBHgvmMYG2oQfG84kaKuUy4AdZjgnnSmFcGxbJdtReBNoGTgTJk0RyUrAt3GJI4oEITjpXqOXak+wmWmhFO5wU3VjTCZIJHtGegwAFVt2g4ZZFa4H6yOGWOro06RH4ozRMaLdi/1QkOlJoFnslMF1brWkr+p/Vi7T/0EyaiWFNBloP8mCMdotQXNGSSEs1nBmAimdkbkTGWmGjj3sqUtLdUvlq5KjEme8bTYJX1zN+46ax7twnatapzV7WfauV6PfM1D5dwBTfgwD3UoQFNaAGBF3iFN3i3Pqwv69v6WabmrKzmDFYiB79tObE+</latexit>

H
<latexit sha1_base64="PIBXrOMgIcKV5vZUMy4yQKJd46I=">AAACPXicbVC7TsMwFLXLq5RXCxssFi0SA6qSMsBYiaVjkehDaqPKcZ3Wqp0E26lURf0OVvgSvoMPYEOsrDhpBtJyJUvH59zncUPOlLasD1jY2t7Z3Svulw4Oj45PypXTrgoiSWiHBDyQfRcryplPO5ppTvuhpFi4nPbc2UOi9+ZUKhb4T3oRUkfgic88RrA2lFMbCqynBPO4tayNylWrbqWBNoGdgSrIoj2qwPPhOCCRoL4mHCs1sK1QOzGWmhFOl6VhpGiIyQxP6MBAHwuqbtB4zkKVYidOL1iiK6OOkRdI83yNUvZvdYyFUgvhmsxkYbWuJeR/2iDS3r0TMz+MNPXJapAXcaQDlNiBxkxSovnCAEwkM3sjMsUSE21My01JekvlqdxVsfHWNVaKPOuav3HTXvduE3Qbdfu2bj02qs1m5msRXIBLcA1scAeaoAXaoAMIeAYv4BW8wXf4Cb/g9yq1ALOaM5AL+PMLl3uu6w==</latexit>

A : H 7! H
<latexit sha1_base64="qoZ+6YC9NidxqCL2tAWiA/RRgNU="></latexit>

E(A ) := h ,A  iH
<latexit sha1_base64="OOXi8lr6eMS5+7pFXyOzCQ0hvro="></latexit>



•假设:       
H = span{ej}

1
j=1,

<latexit sha1_base64="BgJ2yBTZg6MXBY+cQbNdYLyqPUQ="></latexit>

其中:                           为观测算⼦                           A
<latexit sha1_base64="ObUiJtILX3MDjnuFSaimFL/5HJU=">AAACPXicbVC7TsMwFHXKq5RXCxssFi0SA6qSMsBYxMJYJPqQ2qhyXKe1ajvBdipVUb+DFb6E7+AD2BArK06agbRcydLxOfd5vJBRpW37wypsbG5t7xR3S3v7B4dH5cpxRwWRxKSNAxbInocUYVSQtqaakV4oCeIeI11vep/o3RmRigbiSc9D4nI0FtSnGGlDubUBR3qisIzvFrVhuWrX7TTgOnAyUAVZtIYV63QwCnDEidCYIaX6jh1qN0ZSU8zIojSIFAkRnqIx6RsoECfqCo5mNFQpduP0ggW8MOoI+oE0T2iYsn+rY8SVmnPPZKYLr2oJ+Z/Wj7R/68ZUhJEmAi8H+RGDOoCJHXBEJcGazQ1AWFKzN8QTJBHWxrTclKS3VL7KXRUbbz1jJc+znvkbN51V79ZBp1F3ruv2Y6PabGa+FsEZOAeXwAE3oAkeQAu0AQbP4AW8gjfr3fq0vqzvZWrBympOQC6sn1+2jK78</latexit>

属于特征值                           {�j}1j=1
<latexit sha1_base64="IFAYk08Rntj8c0Xsn3wRf6chJQ4="></latexit>

的标准正交的特征向量.                         

•考虑量⼦状态             :     2 H
<latexit sha1_base64="u6m95wITrHbVSqZM8+StifouR8s=">AAACRnicbVDLTgIxFL2DL8QXqCvdNIKJC0NmcKFLEjcsMZFHwhDSKR1o6HQmbYcEJ/yLW/0Sf8GfcGfc2oFZCHiTJqfn3OfxIs6Utu1PK7e1vbO7l98vHBweHZ8US6dtFcaS0BYJeSi7HlaUM0FbmmlOu5GkOPA47XiTx1TvTKlULBTPehbRfoBHgvmMYG2oQfG84kaKuUy4AdZjgnnSmFcGxbJdtReBNoGTgTJk0RyUrAt3GJI4oEITjpXqOXak+wmWmhFO5wU3VjTCZIJHtGegwAFVt2g4ZZFa4H6yOGWOro06RH4ozRMaLdi/1QkOlJoFnslMF1brWkr+p/Vi7T/0EyaiWFNBloP8mCMdotQXNGSSEs1nBmAimdkbkTGWmGjj3sqUtLdUvlq5KjEme8bTYJX1zN+46ax7twnatapzV7WfauV6PfM1D5dwBTfgwD3UoQFNaAGBF3iFN3i3Pqwv69v6WabmrKzmDFYiB79tObE+</latexit>

{ej}
1
j=1 2 H

<latexit sha1_base64="j6X+xwoq1i7E++dqlRFMqjilEjU="></latexit>

•对状态      进⾏观测，所得结果的期望值为:       ej
<latexit sha1_base64="E5FU5G6uS4Gv5i2clqd4QuOsOr4=">AAACN3icbVC7TsMwFLV5lvJqYYPFokFiQFVSBhgrsTAWiT6kNqocx2lN7SSynUpV1I9ghS/hU5jYECt/gJtmIC1HsnR8zr2+18eLOVPatj/gxubW9s5uaa+8f3B4dFypnnRUlEhC2yTikex5WFHOQtrWTHPaiyXFwuO0603uF353SqViUfikZzF1BR6FLGAEayN1LYsOny1rWKnZdTsDWidOTmogR2tYhWcDPyKJoKEmHCvVd+xYuymWmhFO5+VBomiMyQSPaN/QEAuqrpE/ZbHKuJtmu8/RpXF9FETSnFCjTP3bnWKh1Ex4plJgPVar3kL8z+snOrhzUxbGiaYhWQ4KEo50hBZBIJ9JSjSfGYKJZGZvRMZYYqJNXIUpi7elClThV6lJ1TMhiqLqmbtJ01nNbp10GnXnpm4/NmrNZp5rCZyDC3AFHHALmuABtEAbEDABL+AVvMF3+Am/4PeydAPmPaegAPjzCzm2q68=</latexit>

hej ,A eji = �jhej , eji = �j ,
<latexit sha1_base64="0r4HAdkLJb3EYv6w7UKS1p55SIE="></latexit>

因此状态     称为     的特征状态.                       ej
<latexit sha1_base64="E5FU5G6uS4Gv5i2clqd4QuOsOr4=">AAACN3icbVC7TsMwFLV5lvJqYYPFokFiQFVSBhgrsTAWiT6kNqocx2lN7SSynUpV1I9ghS/hU5jYECt/gJtmIC1HsnR8zr2+18eLOVPatj/gxubW9s5uaa+8f3B4dFypnnRUlEhC2yTikex5WFHOQtrWTHPaiyXFwuO0603uF353SqViUfikZzF1BR6FLGAEayN1LYsOny1rWKnZdTsDWidOTmogR2tYhWcDPyKJoKEmHCvVd+xYuymWmhFO5+VBomiMyQSPaN/QEAuqrpE/ZbHKuJtmu8/RpXF9FETSnFCjTP3bnWKh1Ex4plJgPVar3kL8z+snOrhzUxbGiaYhWQ4KEo50hBZBIJ9JSjSfGYKJZGZvRMZYYqJNXIUpi7elClThV6lJ1TMhiqLqmbtJ01nNbp10GnXnpm4/NmrNZp5rCZyDC3AFHHALmuABtEAbEDABL+AVvMF3+Am/4PeydAPmPaegAPjzCzm2q68=</latexit>

A
<latexit sha1_base64="ObUiJtILX3MDjnuFSaimFL/5HJU=">AAACPXicbVC7TsMwFHXKq5RXCxssFi0SA6qSMsBYxMJYJPqQ2qhyXKe1ajvBdipVUb+DFb6E7+AD2BArK06agbRcydLxOfd5vJBRpW37wypsbG5t7xR3S3v7B4dH5cpxRwWRxKSNAxbInocUYVSQtqaakV4oCeIeI11vep/o3RmRigbiSc9D4nI0FtSnGGlDubUBR3qisIzvFrVhuWrX7TTgOnAyUAVZtIYV63QwCnDEidCYIaX6jh1qN0ZSU8zIojSIFAkRnqIx6RsoECfqCo5mNFQpduP0ggW8MOoI+oE0T2iYsn+rY8SVmnPPZKYLr2oJ+Z/Wj7R/68ZUhJEmAi8H+RGDOoCJHXBEJcGazQ1AWFKzN8QTJBHWxrTclKS3VL7KXRUbbz1jJc+znvkbN51V79ZBp1F3ruv2Y6PabGa+FsEZOAeXwAE3oAkeQAu0AQbP4AW8gjfr3fq0vqzvZWrBympOQC6sn1+2jK78</latexit>

 =
1X

j=1

ajej , aj = h , eji.
<latexit sha1_base64="Og0SyFVY0FUlPVBhXxTzVKNxcZ0="></latexit>



量⼦状态可表⽰为特征状态
的叠加——量⼦叠加态



Q：观测后，到底会变成哪种状态？



h ,A  i = h ,
1X

j=1

ajA eji = h ,
1X

j=1

aj�jeji

=
1X

j=1

�jajh , eji =
1X

j=1

|aj |2�j .
<latexit sha1_base64="uOWF8S4kLxZGVM4UsFV3OfAe5J0="></latexit>

Ans: 观测后，系统将以概率        坍缩到特征状态       |aj |2
<latexit sha1_base64="ZzPBBqYy9jqUrP49BLE64CtvlvI="></latexit>

ej
<latexit sha1_base64="LH2Nw+Z9sHzV8hfjoaVCX2KhIXQ="></latexit>

即，观测的值为     的概率为        .�j
<latexit sha1_base64="dqzedqYryJn6b9Y47lP4cgH6jgA="></latexit>

|aj |2
<latexit sha1_base64="ZzPBBqYy9jqUrP49BLE64CtvlvI="></latexit>

Q：⽆限维空间上的线性算⼦特征值（点谱）未必可数？



——量⼦⼒学基本问题

能否找到⼀个概率测度    使得:    µ
<latexit sha1_base64="ZXwtXs4bH2UQgOrERS80RvBS/rE="></latexit>

h ,A  i =
Z

R
�dµ ?

<latexit sha1_base64="35yTRumRCVEeL1HYApH6+FL25D8="></latexit>



从离散到连续



A =

n(1)X

i=1

�iP�i

<latexit sha1_base64="o9M/P7atnPX56nqRqStbPKmoDLc="></latexit>

上的投影算⼦V�i
<latexit sha1_base64="abHyt5/VZpB+L/aojgaqCRWx83E="></latexit>

A =

Z

�(A )
�dµA

<latexit sha1_base64="cIlz29iyUX3m4aQa7ts8YsKjuOM="></latexit>

投影值测度

有限维空间 
上的对称变换

Hilbert空间 
有界⾃伴算⼦



h ,A  i =
Z

R
�d µA

 
<latexit sha1_base64="x2YJVU1l6o637D5q3FleEN53kg8="></latexit>

µA
 (E) := h , µA (E) i, 8E 2 �(A ) ⇢ R

<latexit sha1_base64="E+wUd8XITylJeurl2LQB1pJ5Wg0="></latexit>

概率测度



Thank You 
for Your Attention!


